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1 Introduction 

Let Y be a closed, oriented three-manifold. A positive, coorientable contact 
structure on Y is the kernel £ = ker a C TY of a one-form a G ^(Y) such that 
a Ada is a positive volume form onY. In this paper we only consider positive, 
coorientable contact structures, so we call them simply 'contact structures'. For 
an introduction to contact structures the reader is referred to [1, Chapter 8] 
and [8]. 

There are two kinds of contact structures £ on Y . If there exists an embedded 
disk D CY tangent to £ along its boundary, £ is called overtwisted, otherwise it 
is said to be tight. The isotopy classification of overtwisted contact structures 
coincides with their homotopy classification as tangent two-plane fields [5]. 
Tight contact structures are much more difficult to classify, and capture subtle 
information about the underlying three-manifold. 

A contact three-manifold (1", £) is symplectically fillable, or simply fillable, if 
there exists a compact symplectic four-manifold (W, co) such that (i) dW = Y 
as oriented manifolds (here W is oriented by wAw) and (ii) ^ at every 
point of Y . (Y, £) is symplectically semi-finable if there exists a fillable contact 
manifold (N,rj) such that Y C N and rj\y = £. Semi-fillable contact struc- 
tures are tight [6]. The converse is known to be false by work of Etnyre and 
Honda, who recently found two examples of tight but not semi-fillable contact 
three-manifolds [9]. This discovery naturally led to a search for such examples, 
in the hope that they would tell us something about the difference between 
tight and fillable contact structures. By a result announced by E Giroux [12], 
isotopy classes of contact structures on a closed three-manifold are in one-to- 
one correspondence with "stable" isotopy classes of open book decompositions. 
When the monodromy of the open book decomposition is positive, the corre- 
sponding contact structure is fillable. Therefore, it would be very interesting to 
know examples of monodromies associated with tight but not fillable contact 
structures. 

In this paper we prove that infinitely many tight contact circle bundles over 
surfaces are not semi-fillable. Let T, g be a closed, oriented surface of genus 
g > 1. Denote by Y g ^ n the total space of an oriented S" 1 -bundle over T, g with 
Euler number n. Honda gave a complete classification of the tight contact 
structures on Y g ^ n [15]. The three-manifolds Y g ^ n carry infinitely many tight 
contact structures up to diffeomorphism. The classification required a special 
effort for two tight contact structures £o and £i, for n, g satisfying n > 2g (see 
Definition 2.5 below). Honda conjectured that none of these contact structures 
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are symplectically semi-fillable. Our main result establishes Honda's conjecture 
in infinitely many cases: 

Theorem 1.1 Suppose that d(d +1) < 2g < n < (d + l) 2 + 3 for some 
positive integer d. Then, the tight contact structures £o and £i on Y Sj „ are not 
symplectically semi-fillahle. 

Remark 1.2 Let £ be a tight contact structure on a three-manifold Y . If the 
pull-back of £ to the universal cover of Y is tight, then £ is called universally 
tight. Honda showed in [15] that the contact structures become overtwisted 
when pulled-back to a finite cover, i.e. they are virtually overtwisted. Thus, 
the question whether every universally tight contact structure is symplectically 
tillable is untouched by Theorem 1.1. 

The proof of Theorem 1.1 is similar in spirit to the argument used by the 
first author to prove that certain oriented three-manifolds with positive scalar 
curvature metrics do not carry semi-fillable contact structures [17, 18]. But 
the fact that the three-manifolds Y g>n do not admit positive scalar curvature 
metrics made necessary a modification of the analytical as well as the topological 
parts of the original argument. 

We first show that if W is a semi-filling of (Y 9i „,£j), then dW is connected, 
b^{W) = and the homomorphism H 2 (W;R) -> H 2 (dW;R) induced by the 
inclusion dW C W is the zero map (see Proposition 4.2). To do this, we start 
by identifying the Spin c structures induced by the contact structures 
Then, using results of Mrowka, Ozsvath and Yu [20], we establish properties 
of the Seiberg-Witten moduli spaces for the Spin structures which are 
sufficient to apply the argument used in the positive scalar curvature case. Such 
an argument relies on the non-triviality of the Kronhcimer-Mrowka monopole 
invariants of a symplectic filling [16]. 

Then, under some restrictions on g and n, we construct smooth, oriented four- 
manifolds Z with boundary orientation-reversing diffeomorphic to Y g>n , with 
the property that if W were a symplectic filling of (Y ffin ,£j), the closed four- 
manifold W Uy 9i „ Z would be negative definite and have non-diagonalizable 
intersection form. On the other hand, by Donaldson's celebrated theorem [2, 3], 
such a closed four-manifold cannot exist. Therefore, (Y 9>n ,£j) does not have 
symplectic fillings. 

The paper is organized as follows. In Section 2 we define, following [15], the 
contact structures £o an d £i • In Section 3 we determine the Spin structures 
, and in Section 4 we prove Theorem 1.1. 
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2 Definition of the contact structures 

In this section we describe in detail the construction of the contact structures £j . 
For the sake of the exposition, we start by recalling some basic facts regarding 
convex surfaces and Legendrian knots in contact three-manifolds. 

Basic properties of contact structures 

Let Y be a closed, oriented three-manifold and let £ be a contact structure on 
Y. 

Definition 2.1 An embedded surface E C Y is convex if there exists a vector 
field V on Y such that (i) V is transverse to E and (ii) V is a contact vector 
field, i.e. £ is invariant under the flow generated by V . The dividing set is 

r E (v) = { P eE | v( P ) e£} cs. 

The following facts are proved in the seminal paper by E Giroux [10]: 

(1) Let E C (Y, £) be an embedded surface. Then, E can be C°° -perturbed 
to a convex surface. 

(2) Let E C (Y, £) be a convex surface and V a contact vector field transverse 
to E. Then, (i) the isotopy class Ts of T^(V) does not depend on the 
choice of V and (ii) the germ of £ around E is determined by . 

In the case of a convex torus T C (1", £) , the set Tt consists of an even number 
of disjoint simple closed curves. The germ of £ around T is determined by the 
number of connected components of Tt - the dividing curves - together with 
a (possibly infinite) rational number representing their slope with respect to an 
identification T = R 2 /Z 2 . Note that the slope depends on the choice of the 
identification. If T is the boundary of a neighborhood of a knot k C Y, then 
by identifying the meridian with one copy of R/Z in the above identification, 
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the slope p/q, regarded as a vector (^) , is determined up to the action of the 
group 

{(; t)i-«>- 

A knot k C (Y, £) is Legendrian if A; is everywhere tangent to £. The framing 
of A; naturally induced by £ is called the contact framing. A Legendrian knot 
k has a basis {U a } of neighborhoods with convex boundaries. The dividing set 
of each boundary dU a consists of two dividing curves having the same slope 
independent of a. Any one of those neighborhoods of k is called a standard 
convex neighborhood of k. The meridian and the contact framing of a Leg- 
endrian knot k C (1", £) provides an identification of the convex boundary T 
of a neighborhood of k with 1R 2 /Z 2 ; easy computation shows that with this 
identification the slope of the dividing curves is oo . 

Let Tj g be a closed, oriented surface of genus g > 1, and let ir: Y g>n — ► S 9 be 
an oriented circle bundle over T, g with Euler number n. Let £ be a contact 
structure on Y g ^ n such that a fiber / = 7r _1 (s) C (s € £ 9 ) is Legendrian. 
We say that / has twisting number —1 if the contact framing of / is '—1' with 
respect to the framing determined by the fibration ir. A contact structure on 
Yg :Tl is called horizontal if it is isotopic to a contact structure transverse to the 
fibers of ir. 

Definition of the contact structures & 

The following lemma is probably well-known to the experts. A proof can be 
found e.g. in [11, §1.D]. We include it here to make our exposition more self- 
contained, and for later reference. 

Lemma 2.2 The circle bundle ir: Yg^.g-2 —* ^g carries a horizontal contact 
structure £ such that all the fibers of it are Legendrian and have twisting 
number — 1 . 

Proof Think of Y 9t 2 g -2 as the manifold of the oriented lines tangent to E g . 
Then, the fiber tt^ 1 (s) C Y 9i 2 g -2 ( s £ ^g) consists of all the oriented lines 
I tangent to S 9 at the point s. The contact two-plane ((I) at the point / 
is, by definition, the preimage of I C T s Il g under the differential of tv. It 
is a classical fact that £ is a contact structure. It follows directly from the 
definition that every fiber of ir is Legendrian and has twisting number — 1. 
To see that £ is horizontal, let V be a vector field on Y g ^ g -2 tangent to £, 
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transverse to the fibers and such that, for every I £ Y g ,i g -i the projection 
<i7r(V(/)) £ I C defines the orientation on I. Let A be a one-form 

defining £, and T a nonvanishing vector field on Y gt 2 g -2 tangent to the fibers. 
The fact that dX does not vanish on the contact planes is equivalent to the fact 
that the Lie derivative of A in the direction of V is nowhere vanishing when 
evaluated on T, because £y(A)(T) = d\(V,T). Thus, following the flow of V 
the contact structure ( can be isotoped to a transverse contact structure. □ 



A 



Suppose that n > 2g. Let ( be the contact structure given by Lemma 2.2 
(according to [15, §5] £ could be any horizontal contact structure on Yg^g-2 
such that a fiber / of the projection it is Legendrian with twisting number 

— 1). Let U C Yg^g-2 be a standard convex neighborhood of /. The fibration 
induces a trivialization U = S 1 x D 2 . Remove U from Y 9: 2 g -2 and reglue it 
using the diffeomorphism ifA ■ dU — > —d(Y 9i 2 g -2 \U) determined, via the above 
trivialization, by the matrix 

-1 
v p + l -1, 

where p = n — 2g + 1 . The map tt extends to the resulting three-manifold 
yielding the bundle Y g ^ n , and we are going to show that ( extends as well. The 
germ of £ around d{Y 9: 2 g -2\U) is determined by the slope of any dividing curve 
C C d(Y g ,2g-2 \ U) . We are going to extend £ to U as a tight contact structure 
rj having convex boundary and two dividing curves isotopic to </?^ 1 (C) C dU . 
Since the fiber / has twisting number —1 with respect to £, the slope of C is 

— 1 with respect to the trivialization used to define the gluing map. Therefore, 
the slope of (^^ 1 (C) is p. Applying the self-diffeomorphism of S 1 x D 2 given 

by the matrix (J we may assume that the boundary slope of (U, rj) be 

p 

p-l- 

Summarizing, assuming the existence of rj we have constructed a contact three- 
manifold (Yg jn ,£) of the form 

(Y g>n , = (Y g , 2g _ 2 \ U, C) U^ A (U, r,). (2.1) 

The following result says that we have two possible choices for rj when n > 2g, 
and one when n = 2g. 

Theorem 2.3 [14] Let p be a positive integer. Up to an isotopy keeping the 
boundary fixed, there are at most two tight contact structures on S 1 x D 2 with 
convex boundary and two dividing curves with slope — -^-^ . More precisely, 
when p > 1 there are exactly two such contact structures. When p = 1, i.e. 
when the boundary slope is infinite, there is only one. □ 
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We need to be more specific about the contact structures appearing in the 
statement of Theorem 2.3. The next lemma will be used in the following section 
as well. 

Lemma 2.4 Let p be a positive integer and r/ a tight contact structure on 
S 1 x D 2 with convex boundary and two dividing curves with slope — -j^i . Then, 
7] can be isotoped keeping the boundary convex until there exists a section v 
of Tf such that: 

(1) At every boundary point v is nonvanishing and tangent to the circles 
S 1 x {x}, x € dD 2 ; 

(2) The zero locus of v is a smooth curve homologous to 

±(p-l)[S 1 x{(0,0)}]. (2.2) 

Moreover, each sign in formula (2.2) above can be realized by some contact 
structure n. 

Proof Using Giroux's Flexibility Theorem (see [10] and [14, §3.1.4]) we may 
isotope r\ keeping the boundary convex until r\ is tangent to the circles S 1 x {x} , 
x € dD 2 at each boundary point. 

By [14, Proposition 4.15] there exists a decomposition 

S 1 xD 2 = NU(S 1 xD 2 \N), 

where N is a standard convex neighborhood of a Legendrian knot isotopic to 
the core circle of S 1 x D 2 . Thus, N = S 1 x D 2 with coordinates (z,(x,y)) and 

77I jv = ker (sm(2irz)dx — cos(2irz)dy) . 

Moreover, there is a diffeomorphism 

ip: S 1 x D 2 \N^T 2 x [0, 1] 

and (T 2 x [0, 1], ip*rj) is a basic slice (see [14, §4.3]) with convex boundary com- 
ponents T 2 x {0} and T 2 x {1} of slopes —1 and — respectively. Without 
loss of generality we may also assume that 

<p\ s i xdD *: S 1 x 3D 2 - T 2 x {1} 

is the obvious identification. 

According to [14, Lemma 4.6 and Proposition 4.7] the Euler class of a basic 
slice with boundary slopes and —1, relative to a section which is nowhere 
zero at the boundary and tangent to it, is equal to 

±(0,1) G Fi(T 2 x [0,1]; Z) = Fi(T 2 ;Z) ^ I? . 
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Moreover, each sign is realized by a unique (up to isotopy) basic slice. Applying 
the diffeomorphism 

T 2 x [0, 1] — ► T 2 x [0, 1] 

given by 

1 2-p^ 
-1 p-\ J 

we obtain a basic slice with boundary slopes —1 and which is diffeomor- 

phic to (S 1 x D 2 \N,rj), together with a section v of n which is nowhere zero 
at the boundary, tangent to it, and with zero locus a smooth curve homologous 
to ±(2 — p,p — 1). The section v can be assumed to coincide with the vector 
field J| on dN in the above coordinates (z, (x,y)). Since J| is a nowhere zero 
section of rj on TV" , this implies that v extends as a section of rj on S 1 x D 2 with 
the stated properties. By choosing the appropriate basic slice one can construct 
rj with either choice of sign in Formula (2.2). □ 

Definition 2.5 Let t]q (respectevely rj±) be a tight contact structure on S 1 x 
D 2 as in the conclusion of Lemma 2.4, satisfying condition (2.2) with the pos- 
itive (respectively negative) sign. Let n > 2g, and define £o (respectively £i) 
to be the contact structure on Y g>n , n>2g, given by (2.1) with rj replaced by 
770 (respectively r/i). 

Remark 2.6 By Theorem 2.3 the contact structures £0 an d £1 of Definition 2.5 
are isotopic when n = 2g. By the classification from [15], £0 is not isotopic to 
£1 when n > 2g. In fact, £0 and £1 are not even homotopic (see Remark 3.7 
below) . 



3 Calculations of Spin structures 

The goal of this section is to determine the Spin structures induced by the 
contact structures £j of Definition 2.5. We begin with a short review about Spin 
and Spin structures in general. Then, we study Spin and Spin structures 
on disk and circle bundles over surfaces. The section ends with the calculation 
of t£ and . 

Generalities on Spin and Spin structures 

Let X be a smooth, oriented n-dimensional manifold, n > 3. The structure 
group of its tangent frame bundle Px can be reduced to SO(n) by e.g. in- 
troducing a Riemannian metric on I. A Spin structure on X is a principal 
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Spin(n) -bundle Ps P i n {n) X such that Px is isomorphic to the associated 
bundle 

Ps P in(n) XpSO(n), 

where 

p: Spin(n) — > SO(n) 

is the universal covering map. A 5pin structure on X exists if and only if 
the second Stiefel-Whitney class W2(X) vanishes. In this case, the set of Spin 
structures is a principal homogeneous space on H 1 (X;Z/21,) . 

The quotient of Spin(n) x S 1 modulo the subgroup 

{±(1,1)} ^ Z/2Z 

is, by definition, the group Spirf{n). There are two canonical surjective homo- 
morphisms 

pi : Spin c (n) -> Spin(n)/{±1} = SO(n), p 2 : Spin c {n) -» S7{±1} = S 1 . 
A Spin structure on X is a principal Spin°(n) -bundle Pspin c (n) such that 

-Px — Pspin c (n) x pi SO(fl). 

Let Spin c (X) denote the (possibly empty) set of Spin structures on X. An 
element 

s = Pspin-(n) G Spin c {X) 

naturally induces a principal 5 1 -bundle Ps P in c (n) x p 2 S 1 ■ Let ci(s) G H 2 (X; Z) 
be the first Chern class of the corresponding complex line bundle. A manifold 
X admits a Spin structure if and only if W2(X) has an integral lift, and in 
fact the set 

{ci(s) | s € Spin c {X)} C H 2 (X;Z) 

is the preimage of w^G^O under the natural map 

H 2 (X;Z) -> H 2 (X;Z/2Z). 

Moreover, Spin c (X) is a principal homogeneous space on H 2 (X; Z) , and ci(s+ 
a) = ci (s) + 2a for every 

(s,a) G 5pin c (A:) x H 2 (X;Z). 

The group Spin(n) naturally embeds into Spin c (n), so a Spin structure in- 
duces a Spin c structure. Moreover, since 

Spin(n) = ker p2 C Spin c (n), 

a Spin structure s is induced by a Spin structure if and only if c\ (s) = . 
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Since 

p^dl} x SO{n)) = Spin°{n) C Spin°{n + 1), 

if dimY = n and Y = dX , there is a restriction map Spin°{X) — > Spin c (Y). 
Clearly, this map sends Spin structures to Spin structures. 

An oriented two-plane field £ (and so a contact structure) on a closed, oriented 
three-manifold Y reduces the structure group of TY to U{\) C 50(3). Since 
the inclusion U{\) C 50(3) admits a canonical lift to U{2) = Spin°(3), there 
is a Spin structure £ Spin c (Y) canonically associated to £. The Spin 
structure depends only on the homotopy class of £ as an oriented tangent 
two-plane field. 

Disk bundles 

Let Tig be a closed, oriented surface of genus g > 1 . Let 7r : D gtTl — > Y> g be an 
oriented 2-disk bundle over T g with Euler number n. 

By e.g. fixing a metric on D g ^ n one sees that the tangent bundle of D g n is 
isomorphic to the direct sum of the pull-back of TT> g and the vertical tangent 
bundle, which is isomorphic to the pull-back of the real oriented two-plane 
bundle E g , n T g with Euler number n. In short, we have 

TD gtn ^ir*(TE g ®Eg tn ). (3.1) 

Therefore, the structure group of TDg^ n can be reduced to U(2) C £0(4), 
which admits a natural lift 




to Spin°(A) = {(A, B) G U(2) x [7(2) \ det A = det B}. 

Denote by so the induced Spin structure on D g ^ n . The orientation on D g> 
determines an isomorphism H 2 (D gtn ;Z) = Z, so the set 

Spin°{D g , n ) = s + H 2 {D g , n ;Z) 

can be canonically identified with the integers. We denote by 

s e = s + e G Spin°(D g ^ n ) 

the element corresponding to the integer e G Z = H 2 {D g y, Z) . 

Lemma 3.1 (a) If n is odd, D g n admits no Spin structure. 

(b) If n is even, D g>n carries Spin structures. Every Spin structure on D g . 
induces the Spin structure s g _n_i. 
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Proof In view of (3.1) we have Ci(so) = 2 — 2g + n, hence 

ci(s e ) = ci(s ) + 2e = 2(1 - g + e) + n. 

Since each ci(s e ) reduces modulo 2 to W2(D gjn ), Dg <n admits a Spin structure 
if and only if n is even. Solving the equation Ci(s e ) = for e yields the 
statement. □ 



Circle bundles 

Consider Y 9jn = dD gn . We have 

where the summand Z/nZ is generated by the Poincare dual F of the class of 
a fiber of the projection tt: Y g<n — > T, g . Each Spin c structure s e G Spin c (D g<n ) 
determines by restriction a Spin c structure t e 6 Spin°(Y g ^ n ) . We have 

t e = t + eF, eeZ. 

Since reF = 0, we see that t e+n = t e for every e. Therefore, to,. . . ,t„_i is a 
complete list of torsion Spin structures on Y g n , i.e. Spin c structures on Y g ^ n 
with torsion first Chern class. Notice that for n even different Spin structures 
might have coinciding first Chern classes; for n odd, ci(tj) determines tj. 

Remark 3.2 The pull-back of E 9jn is trivial when restricted to the comple- 
ment of the zero section, therefore we have 

TY g , n ^W®ir*(TX g ) CTD gin \ Yg , n ^C©7r*(T£ g ), 

where R and C are, respectively, the trivial real and complex line bundles. This 
shows that 

to = s o|y 9 ,„ = t<, 

where C C TY g>n is any oriented tangent two-plane field transverse to the fibers 
of tt: Y gtn — > Eg. 

Lemma 3.3 (a) If n is odd, t g -i is the only torsion Spin structure on Y g>n 
induced by a Spin structure. 

(b) If n is even, t ff _i and t 9+ "_! are the only torsion Spin structures on 
Yg^ n induced by a Spin structure. 
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Proof Since ci(so) restricts to R 2 {Y g ^ n ;TL) as (2 — 2g)F, we have 

ci(t c ) = 2(l- 5 + e)F. 
Solving the equation ci(t e ) = yields the statement. □ 

Remark 3.4 The Spin c structure t ff _i on Y fli „ is (by definition) the restric- 
tion of a Spin c structure on D g ^ n . Although t ff _i is induced by a Spin struc- 
ture on Yg :Tl , by Lemma 3.1 t 9 _i does not extend as a Spin structure to D 9:Tl 
when n > 0. On the other hand, when n is even the Spin c structure t g+ «_i is 
induced by a Spin structure on Y" 9in which is the restriction of a Spin structure 
on Dg :fl . 

Calculations 

Let Y be a closed, oriented three-manifold and let £ C TY be an oriented 
tangent two-plane field. The Spin c structure G Spin c (Y) determined by £ 
can be also defined as follows [13]. Using a trivialization of TY , the oriented 
two-plane bundle £ can be realized as the pull-back of the tangent bundle to 
the two-sphere S 2 under a smooth map Y — ► S 2 . This implies, in particular, 
that the Euler class of £ is always even. Therefore £ has a section v which 
vanishes along a link L v C Y with multiplicity two. Being a non-zero section of 
TY\ y \l v , v determines a trivialization and so a Spin structure on Y\L V . Since 
v vanishes with multiplicity two along L v , this Spin structure extends uniquely 
to a Spin structure on Y , which induces a Spin c structure t v G Spin c (Y) . The 
link L„ carries a natural orientation such that 2 PD([L„]) equals the Euler class 
of £. According to [13] the Spin c structure is given by 

tf = t t , + PD([L w ]). (3.2) 

Lemma 3.5 Let n > 2g, and let £o ar[ d £i be the contact structures on Y g ^ n 
given by Definition 2.5. Let F G if 2 (Y 9i „;Z) denote the Poincare dual of the 
homology class of a fiber of the hbration tt: Y g , n — > S g . Then, the Euler dass 
of £j, i G {0, 1}, as an oriented two-plane bundle is equal to 

(-lY +1 2gF. 

If n is even, then £j admits a section v vanishing with multiplicity two along a 
smooth curve L v C Y g>n with 

■ n 

PD([L v ]) = (-iy(--g)F. 
Moreover, the Spin structure t v G Spin(Y g ^ n ) is equal to t s+ a_i. 
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Proof The contact structure ( on Yg,2 9 -2 given by Lemma 2.2 is tangent to 
the fibers of the fibration Y g 2 g -2 Therefore, any nowhere vanishing 

vector field tangent to the fibers gives a nowhere zero section jj of (. By 
the construction (2.1) defining £j, this gives a nowhere vanishing section v of 
£i|y g 29 _ 2 \[/; which glues up to the section given in (2) of Lemma 2.4. Therefore, 
by Definition 2.5 the Euler class of £j is 

(_l)i(p _ i)F = (-l) l (n - 2 5 )F = (-iy +1 2gF. 

If n is even, then p — 1 = n — 2g is even as well. In this case we may assume 
that the section given in (2) of Lemma 2.4 vanishes with multiplicity two along 
a smooth curve representing (— l)^ 2 ^-) = (— — times the homology 
class of the core circle. Splicing such a section to the nowhere zero section v 
we obtain the formula for PD([L V }). 

We see from Equation (3.2) that if v is the non-vanishing section of £ used 
above, we have t„ = t^. On the other hand, by Remark 3.2 is equal to 
to, which extends as a Spin structure to D gtTl by definition. Thus, the Spin 
structure t v € Spin(Y gtn ) extends to away from the preimage Tr~ 1 (D 2 ) of 
some two-disk D 2 C T, g . But 7r~ 1 (L' 2 ) is homeomorphic to a ball, therefore the 
unique Spin structure on dir~ l (D 2 ) extends for trivial reasons to the unique 
Spin structure on 7r -1 (Z) 2 ). This proves that t v extends to D g ^ n as a Spin 
structure. Therefore, by Remark 3.4 t v must coincide with t g+ n_ ± . □ 

Proposition 3.6 Let n > 2g and let £o and £i be the contact structures on 
Y gtn from Definition 2.5. Then, t^ = t n _i and = t2 fl -i • 

Proof By Lemma 3.5, the Euler class of £j coincides with ci(t2i fl -i), i = 0, 1. 
If n is odd, H 2 (Y g y,Z) has no 2-torsion and the result follows. If n is even, 
by Lemma 3.5 and Equation (3.2) we have 

■ n 

% = V ? _ 1 + (-l) l (-- 5 )F = t 2i9 _ 1 . □ 

Remark 3.7 Since the Spin structures t^. are homotopy invariants, Proposi- 
tion 3.6 implies that £o and £i are not homotopic as oriented tangent two-plane 
fields on Y g>n once n > 2g. It can be shown that £o and £i are contactomor- 
phic, i.e. there is a self-diffeomorphism of Y g>n sending one to the other. We 
will not use that fact in this paper. 
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4 Monopole equations and the proof of Theorem 1.1 

This section is devoted to the proof of the main result of the paper, Theorem 1.1. 
For definitions and properties of the solutions to the Seiberg-Witten equations 
on cylinders RxY and on symplectic fillings, we refer the reader to [20] and [16]. 

Lemma 4.1 Let n > 2g, and let £j, i G {0, 1} be one of the contact structures 
on Yg^n from Definition 2.5. Then, 

(1) The moduli space N(Y g n , tg.) of solutions to the unperturbed Seiberg- 
Witten equations is smooth and consists of reducibles. 

(2) There exists a real number e > such that, if [i G Q, 2 (Y g<n ) is a closed 
two-form whose I? -norm is smaller than e , then either 

[/x] =2irci(tf.) G H 2 (Y g y,R) 

or the fi-perturbed Seiberg-Witten moduli space A^(Y 9i „, t^) is empty. 

Proof By Theorems 1 and 2 of [20] (see also [21, Theorem 2.2]), if |n| > 
2g — 2 and e [0,2g — 2], then the moduli space N(Y gn , t e ) is smooth and 
contains only reducibles. Therefore, part (1) of the statement follows from 
Proposition 3.6. 

To prove (2) we argue by contradiction. Let {fi n }^ =1 C U 2 (Y g:fl ) be a sequence 
of closed two-forms such that [fi n ] ^ 27rci(t^), ||/x n || n ^>°° o, and N fln (Y,t^ i ) 
contains some element [(A n ,ijj n )]. By a standard compactness argument there 
is a subsequence converging, modulo gauge, to a solution (Ao,ipo) of the un- 
perturbed Seiberg-Witten equations, which is reducible by part (1). We have 
ip n ^ because the assumption [fj, n ] ^ 27rci(t^) implies that (A n ,ip n ) must be 
irreducible, so we can set ip n = t&j for every n. 

The smoothness of N(Y g n ,t^) implies that the kernel of the Dirac operator 
Da is trivial, so by standard elliptic estimates (see e.g. [4, page 423]) we have 

1 = \\<Pn\\ < C\\D AoVn \\ (4.1) 

for some constant C . On the other hand, since the (A n , ' s are solutions to 
the Seiberg-Witten equations, by writing A n = Aq + a n we have 

= DA n <Pn = DA <Pn + a n ■ <fn, 

where '•' denotes Clifford multiplication. Since \\ip n \\ = 1 while ||a n || — > 0, this 
implies DA f n ~^ 0, contradicting (4.1). □ 
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Proposition 4.2 Let n > 2g, and let £j, i € {0,1} be one of the contact 
structures on Y g ^ n from Definition 2.5. Let (W, lo) be a weak symplectic semi- 
fUling of (Yg jn ,£i). Then dW is connected, b^iW) = and the homomorphism 

H 2 {W;R) -► H 2 (dW;R) 

induced by the inclusion dW C W is the zero map. 

Proof In [17] it is proved that if (W,u) is a weak semi-filling of a contact 
three-manifold (Y,£), where Y carries metrics with positive scalar curvature, 
then (a) dW is connected and b%(W) = ([17, Theorem 1.4]) and (b) the 
homomorphism 

H 2 (W;R) -► H 2 (dW;R) 

induced by the inclusion dW C W is the zero map ([17, Proposition 2.1]). 

The positive scalar curvature assumption was used in the proof of [17, The- 
orem 1.4] to guarantee that the moduli space N(Y,tg) of solutions to the 
unperturbed Seiberg-Witten equations is smooth and consists of reducibles. 
But this is true for the contact structures £o and £i on Y g , n by part (1) of 
Lemma 4.1. Therefore, conclusion (a) holds for any symplectic semi-filling of 
(Y g , n ,Zi),i€ {0,1}. 

Similarly, the existence of positive scalar curvature metrics was used in [17, 
Proposition 2.1] to prove that if /x is a closed two-form whose L 2 -norm is 
sufficiently small and [fi] / 27rci(t^), then the /x-perturbed Seiberg-Witten 
moduli space N^Y, t^) is empty. But for the contact structures £o and £i this 
is precisely the content of (2) in Lemma 4.1. Hence, conclusion (b) holds for 
symplectic semi-fillings of (Y g>n ,^i), i € {0, 1}. □ 

We shall now give a purely topological argument showing that, under some 
restrictions on g and n, there is no smooth four-manifold W with dW = Y g ^ n 
satifying the conclusion of Proposition 4.2. 

Let CP 2 be the complex projective plane. Denote by CP 2 the blow-up of CP 2 
at k distinct points. The second homology group i?2(CP 2 ;Z) is generated 
by classes h, e\, e2, . . . , , where h corresponds to the standard generator of 
H2(CF 2 ; Z) and the e,'s are the classes of the exceptional curves. 

Let d be a positive integer, and suppose k > 2d. Define = (Hd,Qd) as the 
intersection lattice given by the subgroup 

H d = (ei - e 2 , e 2 - e 3 , . . . , e 2d -i - e 2 d, h - e\ - e 2 - . . . - e d ) C H 2 {CF 2 ; Z) 
Qeometry & Topology, Volume 7 (2003) 
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together with the restriction Qd of the intersection form Q^ 2 ■ For m > 1 let 
D m = (Z m ,m(— 1)) be that standard negative definite diagonal lattice. The 
following lemma generalizes a result from [18]. 

Lemma 4.3 does not embed into D m . 

Proof Arguing by contradiction, suppose that j : A^ <^-> D m is an embedding. 
Then, 

rkD m = m > rkA^ = 2d. 

Let w\, . . . , W2d be the obvious generators of A^ with Wi-Wi = —2 for i < 2d— 1 
and W2d • u>2d = — (d — 1) . Then, since the elements u>i, . . . , W2d-i have square 
—2, there is a set ei,...,e m of standard generators of D m such that 

j(wi) = ei - e i+ i, i = l,...,2d- 1. 

Suppose that 

j{w2d) = o-\e\ H hfl m e m , oi,...,a m eZ. 

Then, the relations u?2d • «>j = for i / d and tt> 2 d ■ Wd = 1 imply 

2d 2d 

i=l i=d+l i>2<f+l 

for some a € Z, therefore j(w2d) • j(w2d) < ~~ which is impossible because 

W2d " ^2d = ~(d- 1). □ 

Proposition 4.4 Suppose that 2g > d(d + 1) and n < (d + l) 2 + 3 for some 
positive integer d. Then, there is no smooth, compact, oriented four-manifold 
W such that dW = Y g>n , b%(W) = and the map 

H 2 (W;R) -> H 2 (dW;R) 

is the zero map. 

Proof Consider a smooth curve C C CP 2 of degree d + 2 , and let CP 2 be the 
blow-up of CP 2 at k distinct points of C . Let C be the proper trasform of C 
inside CP 2 . 

Denote by C C CP 2 a smooth, oriented surface obtained by adding g— \d(d+l) 

fake handles to C . Let Z C CP 2 be the complement of an open tubular 
neighborhood of C . The boundary of Z is orientation-reversing diffeomorphic 
to Yg iH , where n = (d + 2) 2 — k. Clearly, any n < (d + l) 2 +3 can be realized by 
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some k > 2d, in which case the lattice can be realized as a sublattice of the 
intersection lattice of CP 2 . The generators — ej+i and h — e\ — . . . — e& of 
can all be represented by smooth surfaces inside Z , so we have an embedding 

A d C (H 2 (Z;Z),Q Z ). 

Now we argue by contradiction. Let W be a smooth four-manifold as in the 
statement. Consider a smooth, closed four-manifold V of the form 

WUy^ n Z. 

Since 

H 2 (W;R) -► # 2 (<9VF;]R) 
is zero, by Poincare duality the map 

H 2 {W,dW;R) ^HtidW-^) 
vanishes. This implies that 

#i(dW;R) -» fri(W;R) 

is injective and by Mayer- Vietor is 

tf 2 (^;M) = ^ 2 (W;M) + ^ 2 (^;K). 

Therefore, since = h\{Z) = 0, we have = 0. Donaldson's theo- 

rem on the intersection form of closed, definite four-manifolds (see [2, 3]) im- 
plies that the intersection lattice (H2(V; Z), Qy) must be isomorphic to D b2 (y) . 
Thus, the resulting existence of an embedding 

A d C (H 2 (Z;Z),Q Z ) 

contradicts Lemma 4.3. □ 

Proof of Theorem 1.1 The statement follows from Propositions 4.2 and 4.4. 

□ 

Remark 4.5 The restrictions on n and g appearing in the statement of Propo- 
sition 4.4 are only due to the inability of the authors to construct more smooth 
four-manifolds with the necessary properties. In fact, using slightly different 
methods, in [19] we proved that the conclusion of Theorem 1.1 holds for every 
n > 2g > 0. 
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